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This thesis presents a new method, based on fracture mechanics analysis of fatigue, to 
calculate the generalized stress parameter proposed by Maddox. The generalized stress parameter 
is computed from the currently existing structural stress definition and the stress intensity factor 
(SIF) calculation. With the structural stress term accounting for the effect of global weldment 
geometry, the stress intensity factor captures the local effect of the weld profile, characterized by 
the weld angle and weld toe radius. Parametric equations for the stress intensity factor are used to 
obtain the generalized stress parameter. A series of detailed two-dimensional finite element 
analyses, combined with the weight function method, is employed to validate the effectiveness of 
the utilized parametric equations. The validity range of these parametric equations is also extended 
to a wider range, i.e., a larger toe radius, which is more typical for current welded structures in the 
automotive industry. Finally, the generalized stress parameter is validated with fatigue test results 
of various specimen types and thickness combinations. It is found that the generalized stress 
parameter can adequately predict the fatigue life of welded joints and can serve as a better fatigue 







1.1 Research background 
Welded joints are widely found in the automotive, offshore, aircraft, and mechanical 
engineering industries to join separate components and structures [1]. Unfortunately, welds are 
often the weakest locations of the welded structures due to the highest stress concentration caused 
by the geometric discontinuity induced by the welding process and the altered material properties, 
especially under fatigue loading conditions. Thus, it is necessary for engineers and researchers to 
understand the fatigue characteristics of the welded joints and develop accurate methods to 
estimate their fatigue lives. However, many factors can affect the fatigue strength of the welded 
joints and can make the life prediction complicated and inaccurate. 
According to the geometry of the welds, the welded joints can be divided into two groups: 
seam welded joints and spot welded joints. In spot welded joints, the weld shape looks like a “spot,” 
which is produced in the welding process to melt the metal, form the weld and connect the parts. 
Contrary to the spot weld, a seam weld is a continuous line welds, which can be formed by various 
welding techniques, e.g., laser welding and gas metal arc welding, etc. With lots of efforts have 
been put on the analysis of spot welded joints [2-8], this thesis mainly focuses on the fatigue 
analysis of seam welded joints. However, it should be noted that the approach proposed in this 




For either seam welded joints or spot welded joints, the welding process will intensely 
affect the materials by the process of heating and subsequent cooling, as well as the fusion process 
resulting in the inhomogeneous material property. Furthermore, some defects, such as inclusions, 
pores, and cavities, are usually generated in the welding process, which can cause high stress 
concentration decreasing the fatigue strength of the joints. Residual stress and distortions induced 
in the welding process will also affect the fatigue behavior. All these facts will contribute to the 
complexity of the fatigue life predictions of the joints. So, it is not surprising that none of the 
existing methods can consider these effects at the same time. 
In addition to the above factors, it is also acknowledged that the fatigue performance of 
welded structures is closely related to the geometry of the welds and weldments, e.g., weld angle, 
weld toe radius, and thickness of the weldments, etc. [10]. However, the effects of the local 
geometries are only partially considered in the traditional fatigue design and analysis rules of 
welded joints, which use stress-life (S-N) curves. The experimental generation of these S-N curves 
is usually based on the assumption of “normal” quality welds, and the variety of geometries 
constitutes one of the main reasons for the large scatters happening in S-N curves. While the scatter 
can be reduced by using finite element analysis (FEA) to model the details of the weld profile with 
very fine meshes, it is impossible to do that on actual welded structures, which may have hundreds 
of welds. 
Structural stress concepts with different definitions have been proposed by many 
researchers in attempts to overcome this difficulty [11-14]. Among them, the nodal force-based 
structural stress definition [11, 12] may be the most widely accepted and implemented one in the 
engineering industries. It claims the advantage of mesh-insensitivity, so that coarse meshes can be 
used to significantly reduce the time of FEA simulations for large structures [8, 9]. Based on the 
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theory of elementary structural mechanics, nodal force-based structural stress works as the 
“nominal stress” in the welded joints and takes the global geometric effect of the weldments into 
account, but the local geometric effect introduced by the weld profile is still lacking consideration 
and demands to be analyzed. 
The fracture mechanics approach is another attractive and helpful way to analyze the 
fatigue failure and predict the fatigue life of welded joints and structures from the perspective of 
crack initiation and crack propagation [2, 15]. In the regime of fracture mechanics, one of the most 
important parameters is the stress intensity factor (SIF), which is a parameter used to describe the 
stress state (“stress intensity”) caused by external loads near the crack tip. It can be utilized solely 
as a fatigue damage parameter to correlate the fatigue life [2] or be combined with Paris’ Law [16] 
to integrate the total fatigue life [15]. However, the analytical solutions for SIF calculation are 
available only for simple geometries; for complex geometries, FEA should be employed to 
calculate the SIFs, which is time-consuming due to the requirements of accurate fatigue crack 
description and a fine mesh. In many alternative endeavors to determine the SIFs, the weight 
function method [17-21] has proved to be an efficient approach by using the stress distribution on 
the un-cracked cross-section of the welded body, thus avoiding detailed simulation of the crack. 
Furthermore, the weight function method has been employed by Brennan et al. [22] to formulate 
parametric equations for stress intensity factors of T-butt welded joints, along with conducting a 
comprehensive set of two-dimensional FEA simulations. These parametric equations provide the 
capability for a faster calculation of SIFs; however, its ability is limited to a particular validity 
range based on the simulation carried out by Brennan et al., which had a small weld toe radius 
compared to the plate thickness (0.01 ≤ 𝜌𝜌/𝑡𝑡 ≤ 0.066). In many cases, especially in automotive 
industries, thin sheets are often used and welded together, which will form a large weld toe radius 
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compared to its sheet thickness (0.066 ≤ 𝜌𝜌/𝑡𝑡 ≤ 0.5). Under this circumstance, the effectiveness 
of Brennan’s parametric equations for SIFs must be investigated before they are directly applied 
to estimate the fatigue life for these welded thin sheets and welded joints. 
In this study, the parametric equations for SIFs calculation are first validated by comparing 
them to the corresponding SIF results obtained from the detailed FEA simulation and the weight 
function method for the cases of large weld toe radii. Then the parametric equations for SIFs are 
combined with the structural stress method to form the “generalized stress parameter” proposed 
by Maddox [23]. With the structural stress term accounting for the effect of global weldment 
geometry, the inclusion of SIF (or equivalent “geometric correction factor”) captures the local 
effect of the weld profile characterized by the weld angle and weld toe radius. Finally, the obtained 
generalized stress parameter is validated with fatigue test results of various specimen types and 
thickness combinations. It is found that the generalized stress parameter is able to predict the 
fatigue life of welded joints accurately and can serve as a better fatigue damage parameter than the 
structural stress. 
1.2 Current status of the fatigue analysis methods of seam welded joints 
It is known that welded joints are ubiquitous in many industries and are usually the failure 
locations under fatigue loads. In the early design phase, it is required to have a knowledge about 
their fatigue behavior and an estimated service life. Considering the importance and complexity of 
this subject, numerous efforts have been put in the method development for fatigue analysis and 
life assessment. In this section, two commonly used methods, along with their respective variants, 
will be introduced in detail. These methods also constitute the foundation of the new approach that 
will be described in the following chapters. 
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1.2.1 Structural stress method 
Structural stress methods have been developed recently based on the elementary structural 
mechanics’ theory. The structural stress is defined as the nominal stress at the weld toe or weld 
root cross-section, which neglects the local geometric effect caused by the weld profile. As shown 
in Figure 1.1 [12], by considering the force and moment equilibrium condition for the local stress 
distributions, the structural stress can be decomposed into a membrane component 𝜎𝜎𝑚𝑚  and a 
bending component 𝜎𝜎𝑏𝑏: 
 𝜎𝜎𝑠𝑠 = 𝜎𝜎𝑚𝑚 + 𝜎𝜎𝑏𝑏 (1.1) 
 
Based on the above definition, the structural stress can be calculated either from solid 
element model or shell element model. When using solid element model, the through-thickness 
normal stress distribution can be used to calculate the membrane component 𝜎𝜎𝑚𝑚  and bending 
component 𝜎𝜎𝑏𝑏 to compute the final structural stress 𝜎𝜎𝑠𝑠. In comparison to the solid model, shell 
element model is more preferred in modelling the welded joints since the thicknesses of these 
joints are usually very thin comparing to the other dimensions, under which case using shell 
element is more efficient and time-saving. Furthermore, when the shell element model is used, the 
 
(a)                                                           (b)  
Fig. 1.1 (a) Local stress distribution and (b) Structural stress distribution 
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structural stress can be calculated from the nodal forces and nodal moments, which are believed 
to be mesh-insensitive. It means the structural stress value will be less dependent on or independent 
of the mesh size, which helps to avoid the stress singularity phenomenon that happens often in the 
welded joint cases. By using the shell element model, Eq. (1.1) can be further written as: 






As can be shown in Figure 1.2 [12], 𝑓𝑓𝑚𝑚 and 𝑌𝑌𝑦𝑦 are the line force and line moment, respectively, 
and t is the element thickness. 
 
Eq. (1.2) shows that the information about line forces/moments is required in order to 
calculate the structural stress. They are actually extracted from the nodal forces and nodal moments, 
which are direct FEA outputs in most of the commercial software. The procedure to calculate the 
line forces/moments from nodal forces/moments is called “line force recovery” or “structural stress 
recovery” method. The following part will introduce three different structural stress approaches, 
in which different line force recovery methods are implemented. 
 
Fig. 1.2 Line force and line moment on a shell element 
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1.2.1.1 Fermer’s approach 
Fermer and his co-workers [11] proposed a structural stress method, along with a stress 
recovery process, by assuming that the line force/moment to be linearly distributed along the 
element length. Sometimes, this approach is also called as the “Volvo method” [24]. The line 























(𝑖𝑖)(𝑦𝑦) are the line force and line moment, respectively, on the ith element. 𝐹𝐹𝑚𝑚1
(𝑖𝑖) 
and 𝐹𝐹𝑚𝑚2
(𝑖𝑖) are the nodal forces applied at the nodes of the ith element. 𝑀𝑀𝑦𝑦1
(𝑖𝑖) and 𝑀𝑀𝑦𝑦2
(𝑖𝑖) are the nodal 
moments applied at the nodes of the ith element, 𝑙𝑙𝑦𝑦
(𝑖𝑖) is the edge length of the ith element and 𝑦𝑦 is 
the coordinate, which shows the weld line direction. 
Then, the structural stress at each node (𝜎𝜎𝑠𝑠,1
(𝑖𝑖) and 𝜎𝜎𝑠𝑠,2
(𝑖𝑖)) on the ith element can be calculated 























By examining the Fig. 1.3, it can easily be found that at each shared node inside a 
continuous weld, there will be two structural stresses. In this situation, the larger of the two stress 




1.2.1.2 Modified Fermer’s approach 
Fermer’s approach was later modified by nCode DesignLife [26], which is now called as 
the “modified Fermer’s approach” or “nCode structural stress method” [24, 27]. It has wider 
application compared to the original method. The steps to calculate the structural stresses from the 
nodal forces/moments are listed below, with an example of two-element case (see Fig. 1.4): 




















𝐿𝐿𝑚𝑚𝑓𝑓𝑡𝑡 − 𝐹𝐹1� (1.8) 








Fig. 1.3 Structural stresses and nodal forces/moments distribution on adjacent elements 
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4. Calculate the structural stress at the middle of the element edge using the averaged line 







Note that the line moment 𝑌𝑌𝐸𝐸1 can be obtained similarly as the line force 𝑓𝑓𝐸𝐸1 through steps 
1-3. 𝐹𝐹1, 𝐹𝐹2 and 𝐹𝐹3 are the (total) nodal forces at each node, 𝐹𝐹2
𝐿𝐿𝑚𝑚𝑓𝑓𝑡𝑡 and 𝐹𝐹2
𝑅𝑅𝑖𝑖𝑅𝑅ℎ𝑡𝑡 are the component 
nodal forces at the shared node, 𝑓𝑓1 and 𝑓𝑓2
𝐿𝐿𝑚𝑚𝑓𝑓𝑡𝑡 are the line forces on the left element, 𝑙𝑙1 and 𝑙𝑙2 are 
the element edge lengths. 
 
 By following similar steps, a matrix relationship between the averaged line forces/moments 
and the nodal forces/moments can be obtained for an n-element case. The matrix relationship can 
simply be summarized as 
 [𝑓𝑓] = [𝑇𝑇][𝐹𝐹]     [𝑌𝑌] = [𝑇𝑇][𝑀𝑀] (1.11) 
where [𝑓𝑓] and [𝐹𝐹] are the line force vector and nodal force vector, respectively. [𝑌𝑌] and [𝑀𝑀] are 
the line moment vector and nodal moment vector, respectively. And [𝑇𝑇] is the transformation 
 
Fig. 1.4 Line forces and nodal forces distribution on adjacent elements in a two-element case 
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matrix. Therefore, the structural stress can then be calculated from the nodal forces/moments using 
Eq. (1.10) and Eq. (1.11). 
Though the structural stress has taken the global geometric effect into consideration, it is 
acknowledged that the thickness of the plates has an additional effect on the fatigue strength. Thus, 
in modified Fermer’s approach, a thickness correction term is added by applying a factor 𝑓𝑓(𝑡𝑡) onto 
the above obtained structural stress. The thickness correction factor 𝑓𝑓(𝑡𝑡) is determined as 
 𝑓𝑓(𝑡𝑡) = 1       𝑖𝑖𝑓𝑓 𝑡𝑡 < 𝑇𝑇𝑎𝑎𝑚𝑚𝑓𝑓 (1.12) 




6      𝑖𝑖𝑓𝑓 𝑡𝑡 ≥ 𝑇𝑇𝑎𝑎𝑚𝑚𝑓𝑓 (1.13) 
where 𝑇𝑇𝑎𝑎𝑚𝑚𝑓𝑓 is the reference thickness and its default setting is 1 mm in nCode designLife [26].  
1.2.1.3 Dong’s approach 
Dong and his coworkers [12, 28-31] proposed a so called “equivalent structural stress 
method” based on the prior structural stress definition and the fracture mechanics consideration. 
This approach was later implemented into commercial FEA software Fe-safe, so it is also called 
“Fe-safe structural stress method” or “Battelle structural stress method.” 
To calculate the equivalent structural stress, the first step is to recover the structural stress 
from the nodal forces/moments. This procedure is carried out with an assumption that the work 
done by the nodal forces/moments is equal to the work done by the line forces/moments. Under 
this assumption, like the modified Fermer’s approach, there is another matrix relationship between 
the nodal forces/moments and line forces/moments, which can be expressed as: 
 [𝐹𝐹] = [𝐿𝐿][𝑓𝑓]     [𝑀𝑀] = [𝐿𝐿][𝑌𝑌] (1.14) 
11 
 
where [𝐿𝐿] is the transformation matrix in Dong’s approach. By using the inverse of [𝐿𝐿], line forces 
[𝑓𝑓] and line moments [𝑌𝑌] can be computed from the nodal forces and nodal moments. Then Eq. 
(1.2) can be employed to calculate the structural stress 𝜎𝜎𝑠𝑠. 
The second step is to derive the equivalent structural stress based on the fracture mechanics 
considerations. It originates from the well-known Paris’ Law: 
 𝑑𝑑𝑎𝑎
𝑑𝑑𝑑𝑑
= 𝐶𝐶(∆𝐾𝐾)𝑚𝑚 (1.15) 
where a is the crack depth, N is the fatigue life, C and m are the material parameters, and ∆𝐾𝐾 is 
the stress intensity factor range. 
Based on the observations of anomalous crack growth on the historical data, Dong 
postulated that if a sharp notch is considered, instead of using a monotonic stress intensity factor 
to describe the fatigue crack growth behavior, non-monotonic 𝐾𝐾 as a function of crack size can be 
developed near the notch tip so that the crack growth behavior between short crack (notch tip) 
regime and long crack regime could be treated distinguishably, as shown in Fig. 1.5 [30]. Thus, 
founded on these facts, Dong proposed a two-stage growth model [30], which is expressed as: 
 𝑑𝑑𝑎𝑎
𝑑𝑑𝑑𝑑
= 𝐶𝐶(∆𝐾𝐾𝑚𝑚𝑛𝑛𝑡𝑡𝑐𝑐ℎ)𝑚𝑚(∆𝐾𝐾)𝑚𝑚−𝑚𝑚 (1.16) 
where ∆𝐾𝐾𝑚𝑚𝑛𝑛𝑡𝑡𝑐𝑐ℎ is the notch stress intensity factor range characterizing the crack growth behavior 
from 0 < 𝑎𝑎/𝑡𝑡 < 0.1  (small crack) and ∆𝐾𝐾  is the far field stress intensity factor range 
characterizing the crack growth behavior from 0.1 ≤ 𝑎𝑎/𝑡𝑡 ≤ 1.0 (long crack) in cyclic loading 
conditions. Here, 𝑎𝑎
𝑡𝑡
= 0.1 is approximately taken as the boundary between these two regimes 
based on the experimental observations on historical data. n is another material parameter 
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determined based on the crack growth data covering both typical short crack and long crack 
regimes. 
 
By virtue of the stress intensity magnification factor (𝑀𝑀𝑘𝑘𝑚𝑚) concept, Eq. (1.16) can be 





 𝑑𝑑𝑎𝑎 = 𝐶𝐶(𝑀𝑀𝑘𝑘𝑚𝑚)𝑚𝑚(∆𝐾𝐾)𝑚𝑚𝑑𝑑𝑁𝑁 (1.18) 
 The fatigue life can be estimated by integrating the Eq. (1.18) as  




Eq. (1.19) shows that in order to estimate the fatigue life, the determination of the stress 
intensity factor range ∆𝐾𝐾 is necessary. It has been shown [30] that ∆𝐾𝐾 for complex geometry under 
complex loading mode can be calculated from ∆𝐾𝐾 for a simple geometry under simple far field 
loading. This transformation tells that the stress intensity factor can be related to the structural 
 




stress concept, which actually works as the far field stress equivalently. For example, considering 
an edge crack case, the ∆𝐾𝐾 for mode I can be expressed as: 
 ∆𝐾𝐾 = ∆𝐾𝐾𝑚𝑚 + ∆𝐾𝐾𝑏𝑏 = √𝑡𝑡 �∆𝜎𝜎𝑚𝑚𝑓𝑓𝑚𝑚 �
𝑎𝑎
𝑡𝑡




 = ∆𝜎𝜎𝑠𝑠√𝑡𝑡 �𝑓𝑓𝑚𝑚(
𝑎𝑎
𝑡𝑡







where 𝑟𝑟 = ∆𝜎𝜎𝑏𝑏 ∆𝜎𝜎𝑠𝑠⁄  is the bending ratio. ∆𝐾𝐾𝑚𝑚 and ∆𝐾𝐾𝑏𝑏 are the stress intensity factor range under 






) are dimensionless 
functions of relative crack size a/t for the membrane component and bending component of the far 







can be found in the literature [32]. For the semi-elliptical crack case, a relationship similar to Eq. 
(1.20) holds between the stress intensity factor range and the structural stress range, and can be 
found in [33]. For the sake of simplicity, the elaboration of Dong’s approach will be demonstrated 
on the case of edge crack, but it is also applicable for the semi-elliptical crack case. 
 With the substitution of Eq. (1.20) into Eq. (1.19), a new equation can be established as: 





















2 ∙ (∆𝜎𝜎𝑠𝑠)−𝑚𝑚 ∙ 𝐼𝐼(𝑟𝑟) (1.21) 
or,  





















� is an integral and can be derived by carrying 
out the integration of above expression. 
 By rearranging Eq. (1.22), Dong defined the so called “equivalent structural stress 









 The term 𝑡𝑡
2−𝑚𝑚
2𝑚𝑚  can be treated as the additional thickness correction and the integral term 
𝐼𝐼(𝑟𝑟)
1
𝑚𝑚 accounts for the loading mode effect. It can be seen that the values of 𝐼𝐼(𝑟𝑟)
1
𝑚𝑚 are required to 
be obtained before the calculation of the equivalent structural stress. Numerical integrations are 
carried out on the expression of 𝐼𝐼(𝑟𝑟)
1
𝑚𝑚 with 𝑌𝑌 = 3.6 and 𝑛𝑛 = 2 for steel, and the results are fitted 
to polynomial functions in [31] as: 
 𝐼𝐼(𝑟𝑟)
1
𝑚𝑚 = 0.0011𝑟𝑟6 + 0.0767𝑟𝑟5 − 0.0988𝑟𝑟4 + 0.0946𝑟𝑟3 + 0.0221𝑟𝑟2 + 0.014𝑟𝑟 +
1.2223  (1.24) 
 𝐼𝐼(𝑟𝑟)
1
𝑚𝑚 = 2.1549𝑟𝑟6 − 5.0422𝑟𝑟5 + 4.8002𝑟𝑟4 − 2.0694𝑟𝑟3 + 0.561𝑟𝑟2 + 0.0097𝑟𝑟 +
1.5426  (1.25) 
Note that Eq. (1.24) is obtained under the load-controlled conditions, and Eq. (1.25) is 
obtained under the displacement-controlled conditions. Using Eq. (1.23)-Eq. (1.25), the equivalent 
structural stress can then be calculated. 
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1.2.2 Fracture mechanics method 
 Fracture mechanics method usually refers to the class of methods which estimate the 
fatigue life by considering the crack propagation process and attempts to model the whole fatigue 
process by considering the influence of all significant parameters. Instead of using the stress or 
strain, the fracture mechanics method uses a variable known as the stress intensity factor (SIF), 
which is the combination of the stress and the geometry. The stress intensity factor range, ∆𝐾𝐾, is 
the most important parameter governing the fatigue crack growth. 
1.2.2.1 Stress intensity factor 
 The stress intensity factor, 𝐾𝐾, was first introduced by Irwin [34]. It was pointed out that 
when the SIF reaches a certain critical value beyond its “fracture toughness”, instant facture will 
happen for a cracked body. Later on, it was found that the fatigue crack propagation behavior can 
be described in terms of crack growth rate 𝑑𝑑𝑎𝑎/𝑑𝑑𝑁𝑁 plotted against the stress intensity factor range 
∆𝐾𝐾, also known as the fatigue crack growth curve (see Fig. 1.6 [35]). 
The central portion of the crack growth curve (Region II) is linear in the log-log scale. The 
behavior in the central portion is commonly described by the crack growth equation proposed by 
Paris and Erdogan [16], which is popularly known as the Paris’ law. As has been shown in Section 
1.2.1.3, its simplest form is expressed as: 
 𝑑𝑑𝑎𝑎
𝑑𝑑𝑑𝑑
= 𝐶𝐶(∆𝐾𝐾)𝑚𝑚 (1.15) 
Note that the Paris’ law only represents the linear phase (Region II) of the crack growth 
curve. As the stress intensity factor range increases approaching its critical value of fracture 
toughness (𝐾𝐾𝑐𝑐 ), the fatigue crack growth rate becomes much faster and the cracked body will 
fracture soon in Region III and the cycles accumulated in this region can usually be negligible. 
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Therefore, the total life of an object under fatigue loading can be divided into two parts: crack 
initiation phase, and propagation phase. However, when it comes to the case of welded joints or 
welded structures, a pre-existing initial crack can be assumed based on the fact that a small gap is 
often formed artificially during the welding process to join different parts, and the initiation fatigue 
life is sometimes not considered. It means that the crack propagation life dominates the total fatigue 
life in welded joints. Under this case, the fatigue life can be estimated by integrating Eq. (1.15) 
from the initial crack size to the final crack size, given as: 
 𝑁𝑁 = 1
𝐶𝐶 ∫ (∆𝐾𝐾)
−𝑚𝑚𝑑𝑑𝑎𝑎𝑎𝑎𝑟𝑟𝑎𝑎𝑖𝑖  (1.26) 
 
 There are three modes of loading that a crack can experience, as Fig. 1.7 shows [35]. Mode 
I loading, where the load is applied normal to the crack plane, tending to open the crack. Mode II 
corresponds to the in-plane shear loading and tends to slide one crack face with respect to the other. 
Mode III refers to the out-of-plane shear loading. A cracked body can be loaded in any one of these 
modes, or a combination of two or three modes. When different modes are considered, the stress 
 
Fig. 1.6 Typical fatigue crack growth rate curve 
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intensity factors should be used with subscripts, e.g. 𝐾𝐾𝐼𝐼 ,𝐾𝐾𝐼𝐼𝐼𝐼  and 𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼 , to distinguish different 
facture modes. 
  
1.2.2.2 Finite element simulation of fatigue crack growth 
 As can be seen in Eq. (1.26), the fatigue life can be estimated by carrying out the integration 
process, as long as the SIF ranges are known for the corresponding crack length. For welded joints, 
there is no analytical solution for SIF’s calculation, so finite element analysis (FEA) is usually 
utilized to simulate the fatigue crack growth procedure. Very fine and regular meshes are required 
to model the crack and its surroundings adequately. The total length between the initial crack size 
and the final crack size should be divided into small segments. For each given crack size, the 
corresponding SIF ranges can be obtained by conducting the finite element simulation. By doing 
this, the numerical integral in Eq. (1.26) can be performed by using its incremental form, e.g., 
𝑁𝑁 = 1
𝐶𝐶
�∫ (∆𝐾𝐾(𝑎𝑎))−𝑚𝑚𝑑𝑑𝑎𝑎0.025𝑎𝑎𝑟𝑟𝑎𝑎𝑖𝑖 + ∫ (∆𝐾𝐾(𝑎𝑎))
−𝑚𝑚𝑑𝑑𝑎𝑎0.05𝑎𝑎𝑟𝑟0.025𝑎𝑎𝑟𝑟 + ⋯+ ∫ (∆𝐾𝐾(𝑎𝑎))
−𝑚𝑚𝑑𝑑𝑎𝑎𝑎𝑎𝑟𝑟0.975𝑎𝑎𝑟𝑟 � (1.27) 
 
Fig. 1.7 Three typical loading modes that a crack can experience 
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where ∆𝐾𝐾(𝑎𝑎) is changing with the crack depth  𝑎𝑎 . Note that ∆𝐾𝐾 could be 𝐾𝐾𝐼𝐼 ,𝐾𝐾𝐼𝐼𝐼𝐼 , 𝐾𝐾𝐼𝐼𝐼𝐼𝐼𝐼  or their 
combination depending on the fracture mode the cracked body endures. 
1.2.2.3 Weight function method for SIF calculation 
While FEA can be used to simulate the crack propagation procedure and calculate the SIF, 
it is time-consuming with respect to the efforts required for the crack modeling and is hard to apply 
to complex geometries. An alternative way is to use the weight function method [17, 18], which 
only requires the normal stress distribution for un-cracked bodies. The SIF can be calculated in 
such a way: 
 𝐾𝐾 = ∫ 𝜎𝜎(𝑥𝑥)𝑌𝑌(𝑥𝑥,𝑎𝑎)𝑑𝑑𝑥𝑥𝑎𝑎0  (1.28) 
where 𝜎𝜎(𝑥𝑥) is the normal stress distribution on the cross-section at the critical point of the un-
cracked body, see Fig. 1.8 [21], and can be extracted from 2-D or 3-D FEA models. And 𝑌𝑌(𝑥𝑥, 𝑎𝑎) 
is the weight function and has been documented in many literatures for various geometries. 
 
For example, Bueckner [18] and Newman et al. [36] have derived the weight functions for 
edge crack and surface semi-elliptical crack in finite thickness plate, respectively. Niu and Glinka 
 
Fig. 1.8 Normal stress distribution in a weldment with a surface semi-elliptical crack 
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[19, 20] developed the weight functions for edge and surface semi-elliptical cracks in flat plates 
and plates with corners using 2-D FEA models, which considered the effects of weld profile 
geometry factors on local stress intensity factor evaluation. The disadvantage of the weight 
function method is that massive calculation is needed to conduct the numerical integrations. 
1.3 Outline of the thesis 
In this study, the “generalized stress parameter” concept proposed by Maddox [23] is used 
to assess the fatigue life of welded joints. The generalized stress parameter combines the structural 
stress method and fracture mechanics method. It requires the calculation of SIF. Instead of using 
the finite element method or weight function method, Brennan’s parametric equations [22] are 
employed to provide fast calculation.  
The limitation of Brennan’s equations is that they have a requirement for the dimensions 
of the welded joints. After measuring the investigated welded joints in this study, it was found that 
the size of the weld toe radius is out of its claimed validity range. Thus, the parametric equations 
for SIFs calculation are first validated in Chapter II by comparing them to the results from the 
weight function method. Then, in Chapter III, the parametric equations for SIFs combined with 
the structural stress method are used to form the generalized stress parameter method. With the 
structural stress term accounting for the effect of global weldment geometry, the inclusion of SIF 
captures the local effect of the weld profile characterized by the weld angle and weld toe radius. 
A detailed scheme to calculate the generalized stress parameter from the structural stress and the 
weldment geometries is proposed for a large range of weld toe radii and weld angles. Chapter IV 
presents the experimental fatigue life test results, and the validation of the proposed methodology 
using the fatigue test results. Various specimen types and thickness combinations are investigated, 
and good prediction results are produced using the proposed method. It shows the generalized 
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stress parameter may have the potential to serve as a better fatigue damage parameter than the 






PARAMETRIC EQUATIONS FOR STRESS INTENSITY FACTORS
 
2.1 Introduction 
As mentioned in Chapter I, structural stress method considers only the global geometric 
effect. To take the local geometric effect into consideration, e.g., weld angle effect and weld toe 
radius effect, one practical solution is to use the stress intensity factor. It has been shown in [30, 
37], the stress intensity factor can be related to the structural stress in the form of 
 𝐾𝐾 = (𝑌𝑌𝑚𝑚𝜎𝜎𝑚𝑚 + 𝑌𝑌𝑏𝑏𝜎𝜎𝑏𝑏)√𝜋𝜋𝑎𝑎 (2.1) 
where 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 are geometric correction factors under pure tension and pure bending loading, 
respectively. 𝜎𝜎𝑚𝑚 and 𝜎𝜎𝑏𝑏 are the membrane component and the bending component of structural 
stress at the potential crack initiation location, respectively, and can be decomposed from the 
structural stress 𝜎𝜎𝑠𝑠 with the bending ratio (𝑟𝑟𝑏𝑏 = 𝜎𝜎𝑏𝑏 𝜎𝜎𝑠𝑠⁄ ) using the following relationships: 
 𝜎𝜎𝑚𝑚 = 𝜎𝜎𝑠𝑠 − 𝜎𝜎𝑏𝑏 = (1 − 𝑟𝑟𝑏𝑏)𝜎𝜎𝑠𝑠 (2.2) 
 𝜎𝜎𝑏𝑏 = 𝑟𝑟𝑏𝑏𝜎𝜎𝑠𝑠 (2.3) 
 Since 𝜎𝜎𝑚𝑚 and 𝜎𝜎𝑏𝑏 can be readily calculated using numerical implementation with either 
solid element or shell element as elaborated in [12], for any stress combination and crack depth, 




Utilizing a comprehensive set of numerical simulations with two-dimensional elements, 
Brennan et al. [22] provided expressions for 𝑌𝑌𝑚𝑚  and 𝑌𝑌𝑏𝑏  after conducting regression and 
optimization analysis (see Appendix A for complete expressions). It is insisted that the equations 
should be used only for the following ranges: 
Range of crack depths: 0.01 ≤ 𝑎𝑎 𝑡𝑡⁄ ≤ 1.0 
Range of crack aspect ratios: 0 ≤ 𝑎𝑎 𝑐𝑐⁄ ≤ 1.0 
Range of weld angles: 30° ≤ 𝛼𝛼 ≤ 60° 
Range of attachment widths: 0.3 ≤ 𝐿𝐿 𝑡𝑡⁄ ≤ 4.0 
Range of weld toe radii: 0.01 ≤ 𝜌𝜌 𝑡𝑡⁄ ≤ 0.066 
The graphical illustration of the above terminologies can be seen in Fig. 2.1. 
 
 
Fig. 2.1 (a) Weld geometry and loadings used to derive stress intensity factors; (b) crack 
geometry (semi-elliptical crack). 
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 The above parametric equations developed by Brennan et al. are mainly intended and 
focused on the application to marine and offshore structures, which typically have a large plate 
thickness so that 𝜌𝜌 𝑡𝑡⁄  is very small. As mentioned earlier, however, for many structures in the 
automotive and mechanical industries, welded thin sheets are used that form a large value of 𝜌𝜌 𝑡𝑡⁄ . 
For example, the data measured in document [38] and the test data completed in this study both 
show that 𝜌𝜌 𝑡𝑡⁄ > 0.066. It is unclear whether the above mentioned parametric equations can still 
work when the welded structures have a value of 𝜌𝜌 𝑡𝑡⁄  out of the validity range. For this reason, a 
two-dimensional FEA simulation was carried out in this study with various weld toe radii, up to 
𝜌𝜌 𝑡𝑡⁄ = 0.5 for a T-butt weld joint. The stress distribution at the potential crack initiation site was 
extracted from the FEA result and then used as input into a weight function solution to determine 
the SIFs. Finally, the geometric correction factors were calculated from the obtained SIFs and 
compared with Brennan’s parametric equations. 
2.2 Niu-Glinka weight function 
To validate Brennan’s parametric equations, SIFs need to be determined for the cases of 
large weld toe radii. Here, the Niu-Glinka weight function method [19, 20] is used in combination 
with the stress output from FEA to calculate the SIFs by integrating the following expression: 
 𝐾𝐾 = ∫ 𝜎𝜎(𝑥𝑥)𝑌𝑌�𝑥𝑥, 𝑎𝑎𝑡𝑡 ,
𝑎𝑎
𝑐𝑐





,𝛼𝛼� is the weight function in terms of plate thickness 𝑡𝑡 , crack depth 𝑎𝑎 , crack 
aspect ratio 𝑎𝑎
𝑐𝑐
, and weld angle 𝛼𝛼 and is documented in the literature [19], and 𝜎𝜎(𝑥𝑥) is the normal 
stress distribution on the un-cracked cross-section at the critical point of the welded plate. Mode I 
failure is assumed to be the dominant failure mechanism at the weld toe. 
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2.3 FEA stress analysis  
The normal stress distribution on the un-cracked plane is acquired by using two-
dimensional FEA for a range of T-butt joint geometries (weld angle 𝛼𝛼 = 30°, 45°, and 60° and 
weld toe radius 𝜌𝜌 𝑡𝑡⁄ = 0.1, 0.3, and 0.5). Here, the overall width of weld attachment 𝐿𝐿 is taken as 
2𝑡𝑡, based on current measurements that 𝐿𝐿/𝑡𝑡 is usually larger than 2, and it has been shown [22] 
that the 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 barely change when 𝐿𝐿 is larger than 2𝑡𝑡. So, the results with the setting of 𝐿𝐿 =
2𝑡𝑡 can be approximately used for the cases where 𝐿𝐿/𝑡𝑡 ≥ 2. 
Second-order elements with fine meshes are used in order to get higher accuracy. Plane 
strain condition is used because the width of the joint is much larger than the thickness. A mesh 
convergence study has been done to make sure the number of elements is large enough to get a 
convergent stress result. The schematic diagram of the FEA model is shown in Fig. 2.2. Symmetric 
boundary conditions are applied to save computing time and effort given the fact that the geometry 
is symmetric with the vertical centerline of the attachment. Uniform stress field and linearly 
decreasing stress field are applied separately to the far end to simulate the conditions of pure 
tension and pure bending. A typical normal stress distribution at the critical cross-section under 









Fig. 2.2 Schematic diagram of (a) FEA model and (b) FEA model of the weld toe 
  
(a)                                                                    (b) 
Fig. 2.3 Normal stress distribution at the critical cross-section with unit load under (a) pure 
tension; (b) pure bending when α = 45° and 𝜌𝜌/𝑡𝑡 = 0.1 
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2.4 Validation of the parametric equations for SIFs calculation 
After the normal stress distributions 𝜎𝜎(𝑥𝑥) are extracted from the FEA stress analysis, they 
are used as inputs into Eq. (2.4) to determine the SIFs. The implementation of integration on Eq. 
(2.4) follows the efficient integration steps described in [39]. 
The parametric equations for SIFs given by Brennan et al. are expressed in the form of 
geometric correction factors 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 (they are equivalent to the SIFs). So, the values of 𝑌𝑌𝑚𝑚 and 
𝑌𝑌𝑏𝑏  are used as the parameters to compare Brennan’s equations and the FEA results. The 
comparisons are made for various weld angles and various weld toe radii, as seen in Figs. 2.4–2.9, 
and the crack aspect ratio 𝑎𝑎/𝑐𝑐 is taken from 0.2 to 1 because a semi-elliptical crack shape is 










Fig. 2.4 Comparison of geometric correction factors 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 between Brennan’s equations 










Fig. 2.5 Comparison of geometric correction factors 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 between Brennan’s equations 










Fig. 2.6 Comparison of geometric correction factors 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 between Brennan’s equations 










Fig. 2.7 Comparison of geometric correction factors 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 between Brennan’s equations 










Fig. 2.8 Comparison of geometric correction factors 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 between Brennan’s equations 










Fig. 2.9 Comparison of geometric correction factors 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 between Brennan’s equations 







As can be seen in Figs. 2.4–2.9, the geometric correction factors 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 change along 
the crack depth 𝑎𝑎 𝑡𝑡⁄ , and the behaviors of 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 are different. The weld angle α , the weld toe 
radius 𝜌𝜌/𝑡𝑡, and the crack aspect ratio 𝑎𝑎/𝑐𝑐 affect on the distributions of 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏. For the cases of 
𝜌𝜌 𝑡𝑡⁄ ≤ 0.1, Brennan’s equations coincide very well with the FEA results under either tensile 
loading or bending loading for any weld angle and any crack aspect ratio. For the cases of 𝜌𝜌 𝑡𝑡⁄ =
0.3 and 𝜌𝜌 𝑡𝑡⁄ = 0.5, small differences between Brennan’s equations and FEA results occur in the 
short crack region (𝑎𝑎 𝑡𝑡⁄  up to 0.05), especially for the large weld angles (α = 45° and α = 60°). 
Though small differences exist, the majority of the ranges of 𝑌𝑌𝑚𝑚  and 𝑌𝑌𝑏𝑏  from FEA are well 
described by the parametric equations. The small differences are partly caused by the intrinsic 
error during the regression process of the parametric equations and the calculation error induced 
in the integration of the weight functions. Meanwhile, the differences show that Brennan’s 
equations slightly overestimated the FEA results in the short crack region. This means that if the 
equations are used, they will provide, to some extent, shorter (conservative) estimated fatigue life, 
which is actually preferable in engineering applications. Therefore, based on these facts, it is 
believed by the authors that the effects of the weld angle and weld toe radius on the SIFs are 
satisfactorily captured by the Brennan’s parametric equations and they can still be used to calculate 








GENERALIZED STRESS PARAMETER APPROACH
 
3.1 Derivation 
In the fracture mechanics field, Paris’ Law [16] provides a simple mathematical 
relationship between the crack growth rate (𝑑𝑑𝑎𝑎 𝑑𝑑𝑁𝑁⁄ ) and the range of the stress intensity factor, 
∆𝐾𝐾, when cyclic loading is applied. In its simplest form, it is expressed as 
 𝑑𝑑𝑎𝑎
𝑑𝑑𝑑𝑑
= 𝐶𝐶(∆𝐾𝐾)𝑚𝑚 (3.1) 
where C and m are material constants.  
Thus, the fatigue life can be estimated by integrating Eq. (3.1): 
















2 ∙ (∆𝜎𝜎𝑠𝑠)−𝑚𝑚 ∙ 𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏) (3.2) 






� is the crack propagation integral and 
has a dimensionless form. As has been shown in the previous section, Brennan’s parametric 
equations for 𝑌𝑌𝑚𝑚 and 𝑌𝑌𝑏𝑏 can be used for a wide spectrum of welded geometries without losing 






, and bending ratio 𝑟𝑟𝑏𝑏. 
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Furthermore, by organizing the stress term to the left-hand side, Eq. (3.2) can be rewritten 
as: 
 ∆𝜎𝜎𝑠𝑠 = 𝐶𝐶
−1𝑚𝑚 ∙ 𝑡𝑡
2−𝑚𝑚





From Eq. (3.3), Maddox [23] defined a so-called “generalized stress parameter” as: 







 In Eq. (3.4), ∆𝜎𝜎𝑠𝑠 is the structural stress range, which captures the stress concentration effect 
caused by the global structural geometry. The term 𝑡𝑡
𝑚𝑚−2
2𝑚𝑚  can be seen as a thickness correction for 
the cases of 𝑡𝑡 ≠ 1, in order to compensate for the effect induced by different thicknesses for 
various welded components or structures. It turns to unity when 𝑡𝑡 = 1 ; therefore, 𝑡𝑡  can be 
alternatively interpreted as the ratio of the actual thickness to a unit thickness. With this 
interpretation, 𝑡𝑡
𝑚𝑚−2
2𝑚𝑚  becomes dimensionless and ∆𝑆𝑆 remains a stress unit. As mentioned earlier, the 
dimensionless integral term 𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏)
1
𝑚𝑚 is related to the local weld geometries (such as weld 
angle and weld toe radius, etc.), which takes the local stress concentration effect caused by the 
weld profile into consideration, and bending ratio 𝑟𝑟𝑏𝑏, which concerns the loading mode effect. 
The generalized stress parameter ∆𝑆𝑆  constitutes a new fatigue damage parameter that 
includes the local weld profile effect compared to the structural stress parameter. Identical to the 
traditional S-N curve method, the generalized stress parameter has a logarithmic linear relationship 
with the fatigue life, shown as 
 ∆𝑆𝑆 = 𝐶𝐶′𝑁𝑁𝑏𝑏 (3.5) 
where 𝐶𝐶′ is the fatigue strength coefficient and 𝑌𝑌 is the fatigue strength exponent. 
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It is necessary to have an expression for 𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏)
1
𝑚𝑚 in order to calculate the generalized 
stress parameter ∆𝑆𝑆. Based on the definition of 𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏)
1
𝑚𝑚, numerical integrations are carried 
out by using the multivariate regression method, and a simple parametric expression is obtained 
as 
 𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏)
1





0.164𝑟𝑟𝑏𝑏 −  1.833)  (3.6) 
Here, the crack aspect ratio 𝑎𝑎/𝑐𝑐 is assumed to be 0.25 based on the experimental observations, and 
the fatigue crack growth factor 𝑌𝑌 is taken as 3.6 for steel according to published crack growth 
data. 
Fig. 3.1 shows the comparison of the fitted Eq. (3.6) and the calculated data points for 
𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏)
1
𝑚𝑚. The weld angle 𝛼𝛼 ranges from 30° to 60°, and the weld toe radius 𝜌𝜌
𝑡𝑡
 varies between 
0.02 and 0.5. These values are chosen as an attempt to cover most of the measured weld data on 
hand. It should be noted that when carrying out the integral calculation for 𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏)
1
𝑚𝑚, without 
knowing the initial crack depth 𝑎𝑎𝑖𝑖 , it is assumed that 𝑎𝑎𝑖𝑖 𝑡𝑡⁄ = 0.01 here since it is the smallest 
effective value in the validity range of Brennan’s equations. Additionally, the relative final crack 
depth 𝑎𝑎𝑓𝑓 𝑡𝑡⁄ = 0.8  is adopted in the integral process as a result of observations on the tested data. 
As shown in Fig. 3.1, the distribution and trend of 𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏)
1




3.2 Mean stress correction 
In the fatigue analysis, the mean stress may have an effect on the fatigue strength of the 
material or joints. Fig. 3.2 shows a typical cyclic loading case, on which 𝜎𝜎𝑚𝑚𝑎𝑎𝑚𝑚  represents the 
maximum stress and 𝜎𝜎𝑚𝑚𝑖𝑖𝑚𝑚 means the minimum stress. The difference between maximum stress 
and minimum stress is called the stress range, ∆𝜎𝜎. The stress amplitude 𝜎𝜎𝑎𝑎 is half of the stress 
 
(a)                                                                                 (b) 
 
(c) 
Fig. 3.1 Comparison of Eq. (3.6) and integrated data points for 𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏)
1
𝑚𝑚 with (a) α =
30°, (b) α = 45°, and (c) α = 60° 
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range ∆𝜎𝜎 . A stress ratio, 𝑅𝑅  is defined as the ratio of minimum stress to maximum stress to 
characterize the mean stress effect in fatigue analysis: 




The mean stress effects have long been studied [40-42]. Among them, the Smith, Watson, 
and Topper (SWT) equation is one of the most commonly used in assessing the mean stress effects 
for component life data. The SWT equation for stress-life fatigue is expressed as: 
 𝜎𝜎𝑎𝑎𝑎𝑎 = �𝜎𝜎𝑚𝑚𝑎𝑎𝑚𝑚 ∗ 𝜎𝜎𝑎𝑎 (3.8) 
where 𝜎𝜎𝑎𝑎𝑎𝑎 is the fully reversed stress amplitude. 
Eq. (3.8) means that a given loading case with a mean stress can be transformed into an 
equivalent loading case which has zero mean stress. By using the terminologies defined in the 
beginning, Eq. (3.8) can be rewritten in terms of stress range: 




where ∆𝜎𝜎𝑎𝑎 is the fully reversed structural stress range. 
 
Fig. 3.2 Definitions of cyclic loading 
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After the local weld profile is measured, the generalized stress parameter can be calculated 
using either Eq. (3.4) or Eq. (3.10), depending on whether mean stress effects need to be considered 
or not. The following part will show and discuss the capability of the generalized stress parameter 






VALIDATION WITH FATIGUE TEST RESULTS
 
4.1 Fatigue test and results 
To validate the method proposed in this study, more than 400 fatigue tests for several 
different types of welded joints were conducted, and the results were collected. The gas metal arc 
welding (GMAW) technique was utilized to weld the separate steel sheets together to fabricate the 
specimens. The samples tested in this study are butt welded joint, lap welded joint, and fillet 
welded joint, and their dimensions are shown in Fig. 4.1. The specimens were provided by 
Auto/Steel Partnership and they have the same geometries as those used in previous investigations 
[38]. Six different thickness combinations were used. Table 1 summarizes the joint types and their 





The base material is made of advanced high strength steel (AHSS). Three different steel 
grades are tested, i.e., Dual Phase 780, Dual Phase 980 and Complex Phase 800. Note that it is 
reported in [38] that the parent metal strength does not affect the fatigue strength of GMAW, and 
similar conclusions are found in this study. So the effect of the parent material is not considered 
                
(a)                                              (b) 
 
(c) 
Fig. 4.1 Geometries and dimensions of (a) butt welded joint, (b) lap welded joint, and (c) 
fillet welded joint 
Table 4.1 Joint types and thickness combinations 
Joint types Thickness combinations 
Butt joint 1mm-1mm 2mm-2mm 1mm-2mm 1.4mm-1.4mm - - 
Lap joint 1mm-1mm 2mm-2mm 1mm-2mm 1.4mm-1.4mm 2.5mm-2.5mm 1.4mm-2.5mm 




in this thesis. Load control fatigue with two loading ratios R=0.1 and R=0.3 are tested with various 
load ranges. It is also found both in [38] and in this study that the loading ratio has a negligible 
effect on the fatigue life of the tested welded joints, so it is not considered in this work.  
Fig. 4.2 shows the fatigue load range vs. fatigue life data for the tested joints. The data 
points that have a fatigue life lower than 1000 are not included since plastic deformation usually 
will occur in low-cycle regimes with high cyclic loadings. The fatigue behavior in this region may 
be different and can be corrected by the methods introduced in [43]. Run-out data are also not 
plotted. 
 
As can be seen in Fig. 4.2, for a given fatigue load range, the fatigue life between different 
joint types can vary significantly. It means the fatigue strength is strongly dependent on the joint 
type. Meanwhile, as expected, the thicker specimen has a longer fatigue life comparing to the 
thinner one. These effects are not considered in the fatigue load range vs. life curves. A fatigue 
 
Fig. 4.2 Fatigue load range vs. cycles to failure for different specimen types and thicknesses 
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damage parameter is deemed to be good and promising, only if most of the distributed data points 
can collapse into a narrow band when using it for fatigue assessment. 
4.2 FEA modeling with shell elements 
To evaluate the proposed generalized stress parameter method, and compare it with 
currently widely used structural stress methods, 3-D FEA models are built with shell elements for 
each joint type, as shown in Fig. 4.3. These coarsely meshed models are established using 
HyperMesh based on the meshing guidelines in the nCode manual [26]. The linear elastic analysis 
is used with Young’s Modulus set as 210 GPa and Poison’s ratio as 0.3. Boundary conditions are 
applied following the testing configurations. 
After setting up the loading conditions and imputing the required information, commercial 
FEA software OptiStruct is employed to run the analysis. Note that the purpose of this analysis is 
not to calculate the structural stress (they need to be calculated by using certain post-processing 
procedures/software) but to extract the nodal forces and nodal moments, which are the basis to 




4.3 Structural stress results 
As introduced in Chapter I, the most famous structural stress methods, modified Fermer’s 
approach and Dong’s approach, are implemented in commercial software nCode and Fe-safe, 
respectively. So, these two software are used to calculate their structural stress results after the 
nodal forces/moments are extracted from OptiStruct. 
With Fig. 4.4 showing the nCode structural stress range vs. fatigue life data, Fe-safe 
structural stress results are plotted in Fig. 4.5. As can be seen in Fig. 4.4 and Fig. 4.5, in contrary 
to the large scatter in fatigue load range vs. life curves, all the test data points from different joint 
types and different thicknesses are collapsing into a single band, and good correlations are found 
in both methods. This means both methods are able to correlate the fatigue data for the tested joint 
types and the tested thickness combinations. The S-N curves constructed from these fatigue test 
     
(a)                                                                    (b) 
 
(c) 




results may be used to predict the fatigue lives for complex components or other joint types. The 
coefficient of correlation, R square, which is a criterion to evaluate the correlation results, is 0.813 




Fig. 4.4 nCode structural stress range vs. cycles to failure for different specimen types and 
thicknesses 
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Fig. 4.5 Fe-safe structural stress range vs. cycles to failure for different specimen types and 
thicknesses 
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4.4 Measurements of weld dimensions 
To calculate the generalized stress parameter from Eq. (3.4) and Eq. (3.6), the local 
dimensions of the welds are necessary. More specifically, the weld angle and weld toe radius must 
be measured for each specimen type and thickness combination based on the cross-section images. 
Figs. 4.6-4.8 shows examples of the cross-sections and the measurements for butt joint, lap joint 
and fillet joint. 
 
 





 It is believed that the welding quality is very consistent, and two specimens are measured 
for each joint type with equal thickness while only one sample is measured for those with unequal 
 
Fig. 4.7 Cross-section photo of the lap joint with 1mm thickness 
 
Fig. 4.8 Cross-section photo of the fillet joint with 2mm thickness 
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4.5 Generalized stress parameter results 
After the structural stress results are obtained, and the local dimensions are measured, the 
generalized stress parameter can be calculated straightforwardly using Eq. (3.6). Fig. 4.9 plots the 
generalized stress parameter range vs. fatigue life results. As can be seen, the scatter is reduced in 
comparison to the nCode and Fe-safe structural stress methods, and the coefficient of correlation 
Table 4.2 Weld angle and weld toe radius data of butt joint 
 Butt joint 
Thickness 1mm-1mm 2mm-2mm 1mm-2mm 1.4mm-1.4mm 
Weld angle (degree) 49.878 42.641 59.441 31.209 
Toe radius (mm) 0.138 0.362 0.156 0.289 
 
Table 4.3 Weld angle and weld toe radius data of lap joint 
 Lap joint 
Thickness 1mm-1mm 2mm-2mm 1mm-2mm 1.4mm-1.4mm 2.5mm-2.5mm 1.4mm-2.5mm 
Weld angle (degree) 48.822 48.880 42.548 47.270 47.909 45.254 
Toe radius (mm) 0.5045 1.1395 1.2510 0.718 1.118 1.589 
 
Table 4.4 Weld angle and weld toe radius data of fillet joint 
 Fillet joint 
Thickness 1mm-1mm 2mm-2mm 1mm-2mm 1.4mm-1.4mm 2.5mm-2.5mm 
Weld angle (degree) 50.776 40.971 44.500 48.427 46.686 




is increased to 0.8326. The reason for a higher correlation coefficient with the proposed Eq. (3.6) 
is that the generalized stress parameter not only considers the global geometric effect of the 
weldments, which is also accounted for by the structural stress, but also takes the local geometric 
effect into consideration. The explicit consideration of the local geometries, i.e., the weld angle 𝛼𝛼 
and the weld toe radius 𝜌𝜌
𝑡𝑡
, is reflected in the corresponding terms of the crack propagation integral 
𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏)
1
𝑚𝑚. The improved correlation of fatigue data using the generalized stress parameter 
shows its ability to serve as a better fatigue damage parameter than the structural stress, based on 
current analyzed results. 
 
4.6 Fatigue life estimation for thicker specimens 
To further validate the proposed procedure to calculate the generalized stress parameter, 
two sets of lap welded joints and fillet welded joints with a greater thickness (4.9mm) are later 
tested, and the tested life is compared with the predicted fatigue life using the proposed model. 
 
Fig. 4.9 Generalized stress parameter range vs. cycles to failure for different specimen types 
and thicknesses 
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The parent material used for validation is hot rolled pickled and oiled (HRPO) steel. As mentioned 
earlier, however, the fatigue strength does not depend on the parent material. 
The predicted life vs. tested life results for thicker specimens are plotted in Fig. 4.10. Along 
with the mean prediction line, a 95% confidence interval is given by the dashed lines, which is 
obtained from the regression result of the experimental database. As can be seen in Fig. 4.10, all 
of the experimental data for weld toe failure are located in the 95% prediction interval, with only 
one data point falling out of it. It means that the tested life is well predicted by the proposed 
generalized stress parameter method. Additionally, the majority of the data are under the mean 
prediction line, resulting in an underestimation of the tested life. This conservative result is usually 
favored for life prediction purposes. The capability to use the proposed GSP method is thus 
validated using these thicker specimens. 
It should be noted that different failure modes can be observed during the testing procedure. 
For lap joints, two failure modes are found during the testing process, namely, weld toe failure and 
weld root failure. As for fillet joints, the majority display weld toe failure while a few show a 
mixed failure mode, in which it was difficult to distinguish whether they belong to toe failure mode 
or root failure mode. However, the failed specimens possess quite similar fatigue behavior (i.e. 
fatigue life) between these two failure modes. Thus, the approach proposed in this thesis, which is 





4.7 Comparison with equivalent structural stress method 
The author feels that it is necessary to have a clear comparison between the proposed 
generalized stress parameter (GSP) method and the equivalent structural stress (ESS) method 
because these two approaches share some similarities and differences. 
It can easily be seen by comparing to Eq. (1.23) and Eq. (3.4), the equations to calculate 
the GSP and the ESS have the same structure. It is because they both come from the form proposed 
by Maddox [23]. While these two methods may share the same origin, some significant differences 
exist in many ways. Table 4.5 summarizes the main differences. 
 




 The most important difference is, as discussed earlier that the GSP method can explicitly 
take the local geometric effect into consideration, which is reflected by including the local 
geometric dimensions in the term 𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏), and it is implicitly considered or only partially 
considered in ESS method. 
 
Table 4.5 Differences between GSP method and ESS method 
Differences GSP ESS 








SIF calculation Brennan’s parametric equations Magnification factor 𝑀𝑀𝑘𝑘𝑚𝑚 
Crack shape assumption Semi-elliptical (a/c=0.25) Semi-elliptical (a/c=0.6 for 
displacement control; a/c=0.2 for 
load control) 
Weld local geometric effect Explicitly considered (parameters 
𝛼𝛼 and 𝜌𝜌
𝑡𝑡
 are presented in 
𝐼𝐼(𝑌𝑌𝑚𝑚,𝑌𝑌𝑏𝑏 , 𝑟𝑟𝑏𝑏)) 
Implicitly considered (But no 










In this thesis, two of the most popular and useful methods, structural stress method and 
fracture mechanics method, are reviewed in the first place. The structural stress methods are 
believed to be mesh-insensitive and are getting much attention nowadays. However, working as 
the nominal stress in welded joint, structural stress can only consider the global geometric effect, 
even though some corrections may be added in post-processing procedures. The stress intensity 
factor is the most important parameter used in the field of fracture mechanics and can consider the 
effect caused by the local geometries. The disadvantage is that its calculation is time-consuming. 
This thesis presents a new approach to calculate a fatigue damage parameter called 
“generalized stress parameter (GSP).” The GSP concept is proposed on the foundation of fracture 
mechanics but remains in a close relationship with the structural stress method. This new approach 
provides the ability to consider the effect of local geometries, i.e., weld angle and weld toe radius 
(which are usually ignored in the classic structural stress method), so that it is very promising for 
fatigue life assessment. Major work and findings can be stated as follows: 
(1) A number of two-dimensional FEA simulations are conducted to simulate the normal 
stress distribution for T-joints with various weld angles and different weld toe radii. 
Using the normal stress distribution as input, Niu-Glinka’s weight function method is 
utilized to calculate the stress intensity factors (SIFs). The obtained SIF distributions 
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are then compared to Brennan’s parametric equations, and it is found that the 
effectiveness of Brennan’s equations still holds for large weld toe radius cases (0.1 ≤
𝜌𝜌/𝑡𝑡 ≤ 0.5), which are common in automotive industry. 
(2) The generalized stress parameter (GSP) is introduced and derived through the 
integration of Paris’ Law.  It is expressed in terms of the thickness correction term, the 
structural stress term, and the crack propagation integral. A parametric equation for the 
crack propagation integral, which explicitly includes the weld profile effect, is provided 
by regression of the calculated results. The regression results have shown that the 
proposed equation can capture its trend and distribution very well so that it can be 
formulated into the GSP calculation. 
(3) A series of fatigue experiments have been performed on gas metal arc welded joints 
(GMAW) made of advanced high strength steel (AHSS). Three joint types are used 
with six different thickness combinations. The observation on the S-N curve results 
shows that, compared to the structural stress method, a better correlation is established 
using the GSP method, which considers the global and local geometric effect at the 
same time. 
(4) For the validation purpose, additional fatigue tests are carried out using thicker welded 
specimens. The S-N curves constructed from previous results using the GSP method 
are used to predict the fatigue lives for the thicker specimens. The comparison results 
demonstrate that the test fatigue lives are well predicted using the GSP method, given 
that most of the validation data fall in the 95% prediction interval. 
(5) Finally, discussions are made regarding the similarities and differences between GSP 
method and the equivalent structural stress (ESS) method. The comparison shows that 
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the GSP has the potential to serve as a better fatigue damage parameter than the 






PARAMETRIC EQUATIONS FOR STRESS INTENSITY FACTORS
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If 𝐶𝐶21 > 0.914 then 𝐶𝐶21 = 0.914 
𝐶𝐶2 = 𝐶𝐶21 + 𝑀𝑀2 
𝑀𝑀𝑃𝑃 = 0.172 − 0.1550α − 0.0016(𝑡𝑡 𝜌𝜌⁄ ) 
𝑀𝑀0 = 0.284 − 0.1780α − 0.0046(𝑡𝑡 𝜌𝜌⁄ ) 
𝑀𝑀1 = −0.317 + 0.0115α + 0.0099(𝑡𝑡 𝜌𝜌⁄ ) 
𝑀𝑀2 = 0.0045 + 0.2060α − 0.0054(𝑡𝑡 𝜌𝜌⁄ ) 



























































where 𝑆𝑆4 = 0.006, but 𝑆𝑆4 = 0.018 if 𝛼𝛼 > 0.6109 and 
𝜌𝜌
𝑡𝑡
< 0.035 and 𝐿𝐿
𝑡𝑡
< 0.35 
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𝑀𝑀𝐴𝐴 = 0.597 − 0.649α − 0.0028(𝑡𝑡 𝜌𝜌⁄ ) 
𝑀𝑀0 = 1.282 − 1.325α − 0.0077(𝑡𝑡 𝜌𝜌⁄ ) 
𝑀𝑀1 = −2.222 + 2.154α + 0.0170(𝑡𝑡 𝜌𝜌⁄ ) 
𝑀𝑀2 = 0.789 − 0.621α − 0.0097(𝑡𝑡 𝜌𝜌⁄ ) 
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